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The balance on the regulatory proteins is described by V2 = V4, [2] where V4 is the turnover rate of the regulatory proteins. Since both v2 and V4 will increase with increasing concentration of Tat, there exists the possibility of multiple intersections between the two rate functions, and the subsequent analysis will focus on Eq. 2.
Since the discovery of AIDS some 9 years ago, many of the basic features of the molecular biology of human immunodeficiency virus (HIV) have been well documented. In particular, the underlying regulatory mechanism of viral production after integration into the host's chromosome is now qualitatively understood (1) . It is our intent here to point out the kinetic consequences of the known regulatory mechanisms and to develop a conceptual framework within which replication of the virus can be interpreted.
Key Regulatory Features
The HIV virus codes for two classes of proteins: regulatory proteins that regulate its replication and structural proteins that make up the virus itself (2) (see Fig. 1 ). The balance between the two groups of proteins is regulated at the level of RNA processing (3) , while the total amount of RNA produced is regulated separately by activation of proviral transcription. A regulatory protein, Rev, positively regulates nuclear export of the mRNA that leads to its own synthesis as well as the synthesis of the other two regulatory proteins. A second regulatory protein, Tat, is an activator of transcription (4) (5) (6) (7) (8) . It is the feedback activation by Tat that is responsible for the possible existence of multiple expression rates in this control mechanism.
Flux Balances
We now formulate a simple steady-state kinetic model based on these two regulatory loops. The balance of reaction rates on RNA is described by v1 = V2 + V3, [1] where v1 is the total transcription rate, v2 is the rate of formation of mRNA leading to the synthesis of the regulatory proteins, and V3 is the rate of formation of mRNA leading to the synthesis of the structural proteins. The effect of intra-
Rates of Formation and Turnover of Regulatory Proteins
We will now make use of two simplifying assumptions, neither of which will change the qualitative kinetic features of the model, as shown in the Appendix. These two assumptions are (i) the turnover of protein may be described by a simple first-order process (i.e., V4 = k4r) and (ii) the turnover rates for Tat and Rev are the same (the consequence of this assumption is that the concentrations of the two regulatory proteins are identical and will be denoted by r). The influence of Tat, r, on the transcription rate may be described by v, = kGfl(r), [3] where k1 represents the frequency of transcription initiation, G is the gene dosage (the number of virus copies present in the host cell), and fi is an increasing function that describes the activation of transcription by Tat. Although most evidence points to regulation by Tat at the transcriptional level (7) (8) (9) (10) , it has been suggested that Tat may activate translation (4) . If the latter is found to be the case, it will not change the results of our analysis; the rate of production of regulatory protein, v2, will still be an increasing function of Tat.
Similarly, we know that v2 is a decreasing function in r since higher levels of Rev promote production of structural proteins. The rates v2 and V3 may be described by V2 + v3 = kph and v2 = kphf2(r), [4] assuming that they are first-order processes with respect to RNA. Here, kP is a rate constant for processing, transport, structural proteins (11) (12) (13) . Either mechanism may be described by the function f2.
Expression Rates
We can now substitute Eqs. 3 and 4 into the flux balance Eqs. 1 and 2. Eliminating the concentration of RNA between the two flux equations gives h = (kjG/kp)fi(r), and we may rewrite Eq. 2 as V2 = kjGf1(r)f2(r) = k4r = V4. [5] Sincef1 is an increasing function in r, with saturation, andf2 is a decreasing function in r, the synthesis rate of regulatory protein v2 must have a maximum, as illustrated in Fig. 2 . The intercept of this curve with the straight line (representing V4) determines the steady-state concentration of r and thus the synthesis rate of the structural proteins, which is given by [6] It should be pointed out that V3 denotes the production rate of structural proteins and that our simple model does not address what happens to the structural proteins once they have been formed. If the production rate V3 is high, it will presumably lead to a high assembly rate of virus, which in the case of T cells leads to eventual cell death. Monocytes can host a chronic productive infection that does not lead to cell death (14) . This given time will depend on the kinetic interplay of the two regulatory loops. This interaction is determined by the functional forms offi and f2 and numerical values of the kinetic constants that appear in Eq. 5.
We thus have established the qualitative consequences of Rev and Tat regulation of HIV replication. The three simplifying assumptions made in the above analysis do not eliminate the possibility of having multiple expression rates (see the Appendix). To further assess these kinetic properties, we must be specific about the functional forms of f and f2.
Michaelis-Menten Mechanism of Tat Activation
Since all the molecular mechanisms underlying the activation are not known, we must, for the time being, assume a functional form for fl. The simplest rate expression that describes activation is fi(r) = a -K, + r [7] This rate expression is to be viewed as a phenomenological description that accounts for two attributes: (i) the concentration range over which Tat activates gene expression, characterized by the parameter K1, and (ii) the extent of the activation, given by the parameter a. A mechanistically based form forf1 will be discussed below. Eq. 11 will always have a root ofPi = 0, which corresponds to zero rate of virus production. When the parameter a exceeds unity, a second (positive, real) root appears:
[ 13] These two roots are shown in Fig. 3 (19) . The effects of these activators will be reflected in an increased frequency of initiation, k1, and hence an increased a value. Similarly, reduced stability ofthe regulatory protein, a lower value of k4, will elevate a. $Eqs. 3 Fig. 2 . If a exceeds unity, the quiescent state becomes dynamically unstable, and the control loop will settle down in a steady state, given by Eq. 13, with a finite rate of HIV production (Right Inset). This situation corresponds to curve A in Fig. 2 .
Stability of the Steady State
The steady state may be dynamically stable or unstable. When a is less than unity, the single steady state is dynamically stable. Any perturbation away from it leads to a transient state in which the rate of protein turnover is greater than its production rate or V4 > V2. As a result, the protein concentration will decrease and the expression rate will tend towards the zero steady state. The opposite situation occurs when a is greater than unity. Any perturbation from the zero steady state will be amplified since the production rate is greater than the turnover rate (V4 < V2). The expression rate will move away from the lower (unstable) steady state and end up in the upper steady state, which is stable. These stability considerations indicate that the virus is quiescent as long as a is less than unity but bursts into action if a increases and exceeds unity.
It should be emphasized that in the higher steady state, even though the concentrations of regulatory protein are steady, the structural components ofthe virus are being made at a constant rate. This protein production will, in turn, lead to a buildup of the virus itself.
Cooperative Mechanism for Tat Activation
Alternatively, the activation of HIV transcription may involve cooperative effects, as is found in simple bacterial systems such as the A virus of Escherichia coli (20) (21) (22) . If this is true for the activation by Tat, Eq. 7 will assume a different mathematical form. A basal rate oftranscription influenced by an activator may be described by a modified Hill equation as f (r) = 1 + a(r/Kl)' [14] where v, the degree of cooperativity or the Hill coefficient, appears. This functional form will lead to a different pattern of steady states as shown in Fig. 4 . Inserting the Hill form for fi in Eq. 5 yields a1 + ap" 1 -= p, [15] a l+pv l +Kp which is analogous to Eq. 11. Eq. 15 can have one or three roots, as shown in Fig. 4 Top. In the region of three steady states, the middle state is dynamically unstable, while the upper and lower states are stable. This control loop can a =2 display hysteresis. If a is gradually increased from zero, a low expression level is observed until the turnaround point is reached. Then, the lower state ceases to exist and the virus "snaps" into action. Similarly, a gradual reduction in a, starting from a high value, will slowly reduce the activity of the virus until it reaches the lower turnaround point and the expression rate drops to the lower steady state. Fig. 4 Bottom shows the region in the (a, a) parameter space where the three steady states exist. Note that as a increases the region of multiple steady states expands. Also note that the cooperative mechanism leads to a finite but small expression rate in the lower state, as compared to none obtained when one assumes the Michaelis-Menten mechanism. Herein we have put forth a simple kinetic model of HIV expression rates that is based solely on the observations that Tat activates transcription and that elevated concentrations of Rev favor export of RNA from the nucleus. Without ff'| considering the specific kinetic mechanisms that underlie these regulatory functions, we show that these controls can lead to multiple expression rates of viral proteins. The model thus shows that the notion of quiescent and active states for HIV is a natural consequence of the regulation of expression and RNA processing that the virus employs.
The specific kinetic mechanisms that are used to describe the activation of transcription by Tat (e.g., Eqs. 7 and 14) lead to the two different patterns of HIV expression stability that are shown in Figs. 3 and 4 . The kinetic effects are characterized by two key kinetic parameters: a, the ratio of regulatory protein half-life to the rate of transcription, and a, the extent of activation of transcription. Refs. 24 and 25 provide a theoretical discussion for the appearance of multiple steady states in biochemical regulatory loops and the influence of specific kinetic mechanisms and kinetic parameters.
The distinctive features of these kinetic models suggest clinical correlates. The simplest, noncooperative activation model, Eq. 7, predicts that elevation of a to greater than unity 8 (e.g., by NF-KB following sufficient antigenic T-cell stimulation) would result in stable, persistent viral replication, increased T-cell infection, and accelerated immunodeficiency. However, if a were kept less than unity, perhaps by minimizing external antigenic stimulation, there would be no viral replication, the fraction of T cells infected would remain unchanged, and the patient's immune system should remain stable.
Conversely, the cooperative activation model, Eq. 14, predicts low, but finite, rates of viral replication for all nonzero values of a. Under these conditions, progression of T-cell viral infection may not be prevented simply (e.g., by limiting antigenic exposure) but could only be slowed. On the other hand, once viral replication was established in the upper steady state, it would be comparatively difficult to dampen (see Fig. 4 Middle). Therefore, it would be clinically important to prevent increases in a from basal states in order to prevent the onset of high-grade viral production, spread of 8 T-cell infection, and immunodeficiency. The framework developed here will hopefully provide the motivation for determining the kinetic mechanism of Tat activation and the experimental determination of the kinetic d to constants in this simple model. Of note, chronically HIVypes infected T-cell lines and monocyte lines exist in which a and state a could be experimentally manipulated (26, 27) [16] where Vd accounts for this degradation. If this rate is first order (e.g., Vd = kdh), then the elimination of h between the two flux balances yields h= k ,Gf1 [17] kp+ kd and Eq. 5 becomes kf1f(r)f2(r) kp + kd ) [18] thus introducing the factor kp/(kp + kd). The presence of this ratio does not change the subsequent conclusion; that is, there still can be multiple roots to Eq. 18.
Assumption 2: First-order turnover ofregulatory proteins. No mathematical derivation is necessary to see that Eq. 5 can have multiple roots, even if V4 is not linear. A simple inspection of Fig. 4 shows that a nonlinear form of V4 can have multiple intersections, with the curve traced out by the product offi and f2.
Assumption 3: Identical turnover rates for Tat and Rev. If turnover rates of Tat and Rev are significantly different, we will have two equations similar to Eq. 5, one for each protein: kGfif2 = k4,Rev[Rev] [19] and k1Gflf2 = k4,Tat[Tat], [20] and therefore the concentrations of Tat [22]
The concentration of Rev from Eq. 21 can now be substituted into Eq. 22 . The result is an equation identical to Eq. 9, except that an additional parameter, k4,Tat/k4,Rev, will appear.
The presence of this additional parameter does not alter the possibility of having multiple roots.
